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Abstract
We modify the four-dimensional N = 1 linearized supergravity in a way that
components in each superfield are completely identified with fields in the full super-
conformal formulation. This identification makes it possible to use both formulations
of supergravity in a complementary manner. It also provides a basis for an extension
to higher-dimensional supergravities.
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1 Introduction
The superconformal formulation of supergravity (SUGRA) is a powerful and systematic
method for constructing various SUGRA actions [1, 2, 3, 4]. Most of the known off-shell
SUGRA actions are reproduced by this formulation. It has also been extended to the five-
dimensional (5D) case [5, 6], which is useful to discuss the brane-world scenario based on
general 5D SUGRA. Although the actions are obtained in a systematic way, their explicit
expressions are lengthy and awkward due to a number of auxiliary fields. Especially the
couplings between the matter and the SUGRA fields (i.e., the vierbein, the gravitino, etc.)
are complicated.
Linearized supergravity [7, 8] is easier to deal with because it is described in terms of
superfields on the ordinary superspace. It is powerful for some calculations because the
ordinary superfield techniques are applicable just as in the global supersymmetry (SUSY)
case. An extension to 5D case for the minimal set-up was done in Ref. [9], and it makes
it possible to calculate the SUGRA loop contributions in the 5D brane-world models [10],
keeping the N = 1 SUSY off-shell structure. On the other hand, we cannot use this
formalism for calculations beyond the linearized order in the SUGRA fields. The full
SUGRA formulation, such as the superconformal formulation, is necessary for them.
Therefore it will be useful to combine the two formulations in a complementary man-
ner. In fact, it is pointed out in Ref. [7, 8] that the linearized SUGRA transformations
contain some of the superconformal transformations at the linearized level. Although both
formulations are self-consistent, an explicit relation between them has not been provided
so far. This is the main obstacle to the complementary use of them.
In this paper, we will modify the linearized SUGRA formulation and provide a com-
plete identification of component fields in each superfield with fields in the superconformal
formulation developed in Ref. [4]. This identification also provides a basis for an extension
to higher-dimensional SUGRA.
The paper is organized as follows. In Sec. 2, we consider superfield transformations
which are identified with the linearized superconformal transformations. In Sec. 3, we
translate such transformation laws into those for component fields, and identify the fields
and the transformation parameters with those in the superconformal formulation of Ref. [4].
In Sec. 4, we construct the invariant action formulae in terms of the superfields, which are
consistent with those in Ref. [4]. Sec. 5 is devoted to the summary. In Appendix A, we
provide explicit component expressions of some superfields in the text, and in Appendix B,
we collect the invariant action formulae in Ref. [4] in our notations.
2
2 Superfield transformations
In this section, we consider the transformation laws of N = 1 superfields. We assume
that the background geometry is a flat 4D Minkowski spacetime. Basically we use the
spinor notations of Ref. [11], except for the metric and the spinor derivatives. We take the
background metric as ηµν = (1,−1,−1,−1) so as to match it to that of Ref. [4], and we
define the spinor derivatives Dα and D¯α˙ as
Dα ≡
∂
∂θα
− i
(
σµθ¯
)
α
∂µ, D¯α˙ ≡ −
∂
∂θ¯α˙
+ i (θσµ)α˙ ∂µ, (2.1)
which satisfy
{
Dα, D¯α˙
}
= 2iσµαα˙∂µ.
1
2.1 Super-diffeomorphism
We begin with a brief review of the formulation developed in Ref. [8]. (A compact review
is also provided in Ref. [9].) First we consider the super-diffeomorphism transformation
acting on a chiral superfield Φ. It is expressed as
δΦ = ΛαDαΦ + Λ
µ∂µΦ, (2.2)
where Λα and Λµ are a spinor and a vector superfields, respectively. We require that this
transformation δ preserves the chiral condition,
D¯α˙Φ = 0. (2.3)
Then we obtain
D¯α˙δΦ = D¯α˙Λ
αDαΦ +
(
−2iΛασµαα˙ + D¯α˙Λ
µ
)
∂µΦ = 0. (2.4)
We have used (2.3). Thus we find that
D¯α˙Λ
α = 0, −2iΛασµαα˙ + D¯α˙Λ
µ = 0. (2.5)
The most general solution to these conditions can be parametrized by
Λα = −
1
4
D¯2Lα, Λµ = −iσµαα˙D¯
α˙Lα − Ωµ, (2.6)
1 In the notation of Ref. [11], the spinor derivatives satisfy
{
Dα, D¯α˙
}
= −2iσµαα˙∂µ. Then, the (global)
SUSY generators Qα and Q¯α˙, which anticommute with Dα and D¯α˙, satisfy
{
Qα, Q¯α˙
}
= 2iσµαα˙∂µ. This
leads to the SUSY algebra with an opposite sign to the usual one. (See Chapter IV of Ref. [11].)
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where Lα is a general complex spinor superfield and Ωµ is a chiral superfield. In terms of
Lα and Ωµ, the transformation of a chiral superfield Φ is rewritten as2
δΦ = −
1
4
D¯2LαDαΦ−
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µΦ
= −
1
4
D¯2 (LαDαΦ)− Ω
µ∂µΦ. (2.7)
Similarly, we can find the transformation acting on an anti-chiral superfield Φ¯ as
δΦ¯ = −
1
4
D2L¯α˙D¯
α˙Φ¯−
(
iσµαα˙D
αL¯α˙ + Ω¯µ
)
∂µΦ¯
= −
1
4
D2
(
L¯α˙D¯
α˙Φ¯
)
− Ω¯µ∂µΦ¯. (2.8)
This preserves the anti-chiral condition DαΦ¯ = 0.
Next we consider the transformation of a product of a chiral and an anti-chiral su-
perfields Φ1 and Φ¯2. In order to define the transformation acting on the product that is
consistent with (2.7) and (2.8), we introduce a real superfield Uµ that transforms inhomo-
geneously as
δUµ =
1
2
σµαα˙
(
D¯α˙Lα −DαL¯α˙
)
−
i
2
(
Ωµ − Ω¯µ
)
, (2.9)
and insert it into the product as
Φ¯2Φ1 → V(Φ¯2Φ1) ≡ Φ¯2
(
1 + iUµ
↔
∂µ
)
Φ1, (2.10)
where A
↔
∂µ B ≡ A∂µB − (∂µA)B. As we will see in the next section, U
µ contains the
SUGRA fields. The inserted product V(Φ¯2Φ1) transforms as
δV(Φ¯2Φ1) = δΦ¯2Φ1 + iΦ¯2δU
µ
↔
∂µ Φ1 + Φ¯2δΦ1
=
{
−
1
4
D¯2LαDα −
1
4
D2L¯α˙D¯
α˙ −
i
2
σµαα˙
(
D¯α˙Lα +DαL¯α˙
)
∂µ −
1
2
(
Ωµ + Ω¯µ
)
∂µ
}(
Φ¯2Φ1
)
=
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ + h.c.
}
V(Φ¯2Φ1). (2.11)
Here and henceforth, we neglect the Uµ-dependent terms in the right-hand sides of the
transformation laws because they are irrelevant to an invariance of the action at the lin-
earized order in Uµ. A general superfield has the same transformation law as (2.11). Note
that this law preserves the reality condition.
2 We keep both Lα and Ωµ as the transformation parameters while the latter is set to zero in Ref. [9].
In our formulation, the degrees of freedom in Ωµ will be eliminated by the constraints (3.5) or absorbed
into ξ˜I in (3.8).
4
P M Q
translation local Lorentz SUSY
D U(1)A S K
dilatation R-symmetry conformal SUSY conformal boost
Table I: 4D N = 1 superconformal transformations
2.2 Superconformal transformations
It is mentioned in Ref. [8] that the transformation δ discussed in the previous subsection
contain some of the superconformal transformations in addition to the super-Poincare´
ones. (The 4D N = 1 superconformal transformations are listed in Table I.) However it
is unclear how those transformations are related to those of Ref. [4]. For example, the
δ-transformation law of the conformal compensator superfield is essentially different from
that of a matter chiral superfield [9]. On the other hand, they transform in the same way in
the superconformal formulation [4], except for the Weyl weight w and the chiral weight n,
which are the charges of D and U(1)A.
In order to incorporate these weights explicitly into the superfield transformations, we
modify the transformation acting on a general superfield Ψ as
δscΨ ≡ δΨ+ (w + n) ΛΨ + (w − n) Λ¯Ψ, (2.12)
where w and n are the Weyl and the chiral weights of Ψ,3 and Λ is a chiral superfield to be
determined later. (See eq.(3.13).) This modified transformation δsc preserves the (anti-)
chiral condition or the reality condition, and satisfy the Leibniz rule since both weights are
additive quantum numbers. Because w = n and w = −n for a chiral and an anti-chiral
superfields Φ and Φ¯, (2.7) and (2.8) are modified as
δscΦ =
{
−
1
4
D¯2LαDα −
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ + 2wΛ
}
Φ,
δscΦ¯ =
{
−
1
4
D2L¯α˙D¯
α˙ −
(
iσµαα˙D
αL¯α˙ + Ω¯µ
)
∂µ + 2wΛ¯
}
Φ¯. (2.13)
A real general superfield V (i.e., n = 0) transforms as
δscV =
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ + wΛ+ h.c.
}
V. (2.14)
3 The Weyl and the chiral weights of a superfield denote those of the lowest component in the superfield.
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The transformation of Uµ does not change from (2.9),
δscU
µ =
1
2
σµαα˙
(
D¯α˙Lα −DαL¯α˙
)
−
i
2
(
Ωµ − Ω¯µ
)
. (2.15)
The manner of inserting the connection superfield Uµ in (2.10) is generalized to a
product of arbitrary superfields Ψ1,Ψ2, · · · ,Ψn as
Ψ1Ψ2 · · ·Ψn → V(Ψ1Ψ2 · · ·Ψn) ≡
(
1 + iUµ∂ˆµ
)
(Ψ1Ψ2 · · ·Ψn) , (2.16)
where
∂ˆµ ≡


∂µ (on chiral superfields)
0 (on general superfields)
−∂µ (on anti-chiral superfields)
(2.17)
Then the transformation δsc acts on this product as
δscV(Ψ1Ψ2 · · ·Ψn) =
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ + h.c.
+ (w + n) Λ + (w − n) Λ¯
}
V (Ψ1Ψ2 · · ·Ψn) , (2.18)
where w and n are the Weyl and the chiral weights for the product Ψ1Ψ2 · · ·Ψn. Notice
that V defined in (2.16) is regarded as an embedding into a general superfield.
3 Identification of component fields
3.1 SUGRA multiplet and transformation parameters
Now we will see the transformation laws for component fields. First we consider the
connection superfields Uµ, whose components are defined as
Uµ = uµ + θχ
U
µ + θ¯χ¯
U
µ + θ
2aµ + θ¯
2a¯µ +
(
θσν θ¯
)
e˜νµ + θ¯
2
(
θψ˜µ
)
+ θ2
(
θ¯
¯˜
ψµ
)
+ θ2θ¯2dµ, (3.1)
where uµ, e˜νµ and dµ are real. Note that e˜νµ is neither symmetric nor anti-symmetric for
the indices. The transformation parameter superfields are expanded as
Lα = lα + θαv + (σ
µνθ)αwµν −
1
2
(
σµθ¯
)
α
ξµ + θ
2ζα + θ¯
2ǫα + θα
(
ηµσ
µθ¯
)
+
1
2
θ¯2θαϕ−
1
2
θ¯2 (σµνθ)α λµν + θ
2
(
σµθ¯
)
α
κµ − 2θ
2θ¯2ρα,
Ωµ = ωµ + θζµΩ + θ
2F µΩ − i
(
θσν θ¯
)
∂νω
µ −
i
2
θ2
(
θ¯σ¯ν∂νζ
µ
Ω
)
−
1
4
θ2θ¯24ω
µ, (3.2)
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where 4 ≡ η
µν∂µ∂ν , and wµν and λµν are real anti-symmetric, while the others are com-
plex. The transformation laws for the component fields of Uµ are read off from (2.15)
as
δscu
µ = ξµR + ω
µ
I ,
δscχ
Uµ
α = −
(
σµǫ¯−
1
2
σµσ¯νην −
i
2
σν σ¯µ∂ν l +
i
2
ζµΩ
)
α
,
δsca
µ = −κµ +
i
2
∂µv −
i
2
∂νw
νµ −
1
4
ǫµνρτ∂νwρτ −
i
2
F µΩ ,
δsce˜
µ
ν = −δ
µ
ν ϕR + λ
µ
ν +
1
2
(
∂µξIν + ∂νξ
µ
I − δ
µ
ν ∂ρξ
ρ
I + ǫ
µ
νρτ∂
ρξτR
)
− ∂νω
µ
R,
δscψ˜
µ
α =
(
2σµρ¯+
i
2
σν σ¯µ∂νǫ−
i
2
σν∂µη¯ν +
1
4
σν∂ν ζ¯
µ
Ω
)
α
,
δscd
µ = −
1
2
∂µϕI +
1
4
ǫµνρτ∂νλρτ −
1
4
4ω
µ
I , (3.3)
where the subscript R and I denote the real and imaginary parts, respectively. By using
the freedom of Ωµ, we can set
uµ = χUµα = a
µ = 0. (3.4)
This is analogous to the Wess-Zumino gauge for a gauge superfield. This gauge is preserved
if the transformation parameters satisfy the following relations.
ωµI = −ξ
µ
R,
ζµΩα = (2iσ
µǫ¯− iσµσ¯νην + σ
ν σ¯µ∂ν l)α ,
F µΩ = 2iκ
µ + ∂µv − ∂νw
νµ +
i
2
ǫµνρτ∂νwρτ . (3.5)
We further impose an additional condition,
ξµR = 0. (3.6)
Then the transformation laws for the residual symmetries reduce to
δsce˜
µ
ν = −δ
µ
ν ϕ˜R + λ˜
µ
ν + ∂ν ξ˜
µ
I ,
δscψ˜
µ
α = (2σ
µ ¯˜ρ+ iσν σ¯µ∂νǫ)α ,
δscd
µ = −
1
2
∂µϕI +
1
4
ǫµνρτ∂ν λ˜ρτ , (3.7)
where
ϕ˜R ≡ ϕR +
1
2
∂µξ
µ
I ,
λ˜µν ≡ λµν +
1
2
(∂µξIν − ∂νξIµ) ,
ξ˜µI ≡ ξ
µ
I − ω
µ
R,
ρ˜α ≡ ρα +
i
8
(∂νηµσ
µσ¯ν)α +
1
8
4l
α. (3.8)
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In fact, we can identify ξ˜Iµ, ǫα, λ˜µν , ϕ˜R, −
2
3
ϕI and ρ˜α with the transformation parameters
for P , Q, M , D, U(1)A and S, respectively. They are also expressed as
ξ˜µI = −Re
(
iσµαα˙D¯
α˙Lα + Ωµ
)∣∣
0
, ǫα = −
1
4
D¯2Lα
∣∣∣∣
0
,
λ˜µν = −
1
2
Re
{
(σµν)
α
β DαD¯
2Lβ
}∣∣∣∣
0
, ϕ˜R = Re
(
1
4
DαD¯2Lα
)∣∣∣∣
0
,
−
2
3
ϕI = Im
(
−
1
6
DαD¯2Lα
)∣∣∣∣
0
, ρ˜α = −
1
32
D2D¯2Lα
∣∣∣∣
0
, (3.9)
where the symbol |0 denotes the lowest component of a superfield.
With the above identification of the parameters, the transformations in (3.7) agree with
those for the Weyl multiplet in Ref. [6], which corresponds to the SUGRA multiplet, if we
specify the components of Uµ as
e˜ µν = e
µ
ν − δ
µ
ν ,
ψ˜µα = i (σ
ν σ¯µψν)α ,
dµ =
3
4
Aµ −
1
4
ǫµνρτ∂ν e˜ρτ , (3.10)
where e
µ
ν , ψµ and Aµ are the vierbein, the gravitino and the U(1)A gauge field.
4 Namely,
e˜ µν is the fluctuation of the vierbein since 〈e
µ
ν 〉 = δ µν , and the (linearized) transformation
laws of ψµ and Aµ are given by [6]
δscψµα = ∂µǫα + i (σµ ¯˜ρ)α , δscAµ = −
2
3
∂µϕI. (3.11)
In the subsequent subsections, we compare the transformation laws for component
fields in each superfield with those in the superconformal formulation [4], and identify the
component fields. The transformation laws in Ref. [4] are compactly summarized in Sec. 3
of Ref. [6]. Hence we basically use the notations of Ref. [6] as the component fields in each
multiplet.
3.2 Chiral multiplet
Now we consider the transformation laws of a chiral superfield Φ. In this subsection, we
work in the chiral coordinate yµ ≡ xµ− iθσµθ¯. (Recall our definition of D¯α˙ in (2.1).) Then,
it is expanded as
Φ = φ+ θχ + θ2F. (3.12)
4 The U(1)A gauge field Aµ is an auxiliary field [4].
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Focusing on terms proportional to the Weyl weight in the transformation laws in Ref. [6],
the chiral superfield Λ in (2.13) is identified. We find that Λ cannot be expressed by only
Lα and Ωµ. A choice of Λ = − 1
24
D¯2DαLα reproduces the correct U(1)A transformation,
but there are extra terms for other superconformal transformations. Fortunately such extra
terms are summarized in the form of a chiral superfield. Thus there exists a choice of Λ
that realizes the correct superconformal transformations for a chiral multiplet. It is given
by
Λ = −
1
24
(
D¯2DαLα + 4Ξ
)
, (3.13)
where
Ξ ≡ (−4ϕ˜R + ∂µξ
µ
I ) + 8θ
(
ρ˜−
i
8
σν σ¯µ∂νηµ +
1
8
4l
)
+ 2iθ2∂µ
(
κµ −
i
2
∂µv
)
. (3.14)
Then, the transformation laws of the component fields are read off as
δscφ = ξ˜
µ
I ∂µφ+ ǫχ+ wϕ˜Rφ−
iw
3
ϕIφ,
δscχα = ξ˜
µ
I ∂µχα +
1
2
λ˜µν (σ
µνχ)α + 2ǫαF − 2i (σ
µǫ¯)α ∂µφ
+
(
w +
1
2
)
ϕ˜Rχα −
i
3
(
w −
3
2
)
ϕIχα − 4wρ˜αφ,
δscF = ξ˜
µ
I ∂µF − iǫ¯σ¯
µ∂µχ+ (w + 1) ϕ˜RF −
i
3
(w − 3)ϕIF + 2 (w − 1) ρ˜χ. (3.15)
These transformations agree with those in Ref. [6].
Let us comment on a chiral superfield Φ in the full superspace integral
∫
d4θ. Unlike
the global SUSY case, moving the bases from the chiral coordinate yµ to the original one xµ
is not enough. In fact, Φ must appear in the form of
V(Φ) = (1 + iUµ∂µ) Φ. (3.16)
This is regarded as the embedding of the chiral multiplet into a general multiplet as men-
tioned below (2.18). The embedded superfield has the following components.
V(Φ) = φ+ θχ + θ2F − i
(
θσµθ¯
) (
e−1
) ν
µ
∂νφ−
i
2
θ2
{
θ¯σ¯µ
(
e−1
) ν
µ
∂νχ− 2
(
θ¯ ¯˜ψµ
)
∂µφ
}
+iθ¯2
(
θψ˜µ
)
∂µφ−
1
4
θ2θ¯2
{
gµν∂µ∂νφ+ 2iψ˜
µ∂µχ− 4id
µ∂µφ
}
, (3.17)
where (e−1)
ν
µ ≡ δ
ν
µ − e˜
ν
µ and g
µν ≡ ηµν− e˜µν − e˜νµ are the inverse matrices of the vierbein
and the metric, respectively.
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3.3 Real general multiplet
Next we consider a real general superfield V . From (2.14) with (3.13), its transformation
law is given by
δscV =
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ −
w
24
(
D¯2DαLα + 4Ξ
)
+ h.c.
}
V. (3.18)
Each component of V is defined as
V = C ′ + iθζ ′ − iθ¯ζ¯ ′ − θ2H′ − θ¯2H¯′ −
(
θσµθ¯
)
B′µ + iθ
2
(
θ¯λ¯′
)
− iθ¯2 (θλ′) +
1
2
θ2θ¯2D′, (3.19)
where C ′, B′µ and D
′ are real. By expanding (3.18) in terms of the components, we obtain
their transformation laws. They do not agree with the transformation laws in Ref. [6] as
is. To reproduce the latter laws, we need to redefine the components as
C ≡ C ′, ζα ≡ ζ
′
α, H ≡ H
′,
Bµ ≡ B
′
µ + ζ
′ψµ + ζ¯
′ψ¯µ +
w
2
C ′Aµ,
λα ≡ λ
′
α +
i
2
{
σµ
(
e−1
) ν
µ
∂ν ζ¯
′
}
α
+ (σµσ¯νψµ)αB
′
ν +
w
4
(
σµζ¯ ′
)
α
Aµ,
D ≡ D′ +
1
2
gµν∂µ∂νC
′ +
(
λ¯′σ¯µψµ −
i
2
∂νζ
′σµσ¯νψµ − i∂µζ
′ψµ −
2iw
3
ζ ′σµν∂νψµ + h.c.
)
−
(
2dµ −
w
2
Aµ
)
B′µ. (3.20)
The explicit form of V in terms of these redefined components is shown in (A.3). Then we
obtain
δscC = ξ˜
µ
I ∂µC + iǫζ − iǫ¯ζ¯ + wϕ˜RC,
δscζα = ξ˜
µ
I ∂µζα +
1
2
λ˜µν (σ
µνζ)α + 2iǫαH + (σ
µǫ¯)α (iBµ − ∂µC)
+
(
w +
1
2
)
ϕ˜Rζα +
i
2
ϕIζα + 2iwρ˜αC,
δscH = ξ˜
µ
I ∂µH− iǫ¯λ¯− ǫ¯σ¯
µ∂µζ + (w + 1) ϕ˜RH + iϕIH− i (w − 2) ρ˜ζ,
δscBµ = ξ˜
ν
I ∂νBµ + λ˜µνB
ν − iǫσµλ¯− iǫ¯σ¯µλ− ǫ∂µζ − ǫ¯∂µζ¯
+ (w + 1) ϕ˜RBµ − i (w + 1)
(
ρ˜σµζ¯ + ¯˜ρσ¯µζ
)
,
δscλα = ξ˜
µ
I ∂µλα +
1
2
λ˜µν (σ
µνλ)α + iǫαD − (σ
µνǫ)α (∂µBν − ∂νBµ) +
(
w +
3
2
)
ϕ˜Rλα
+
iw
2
∂µϕ˜R
(
σµζ¯
)
α
−
i
2
ϕIλα − iw (σ
µ ¯˜ρ)αBµ + 2iwρ˜αH¯ + w (σ
µ ¯˜ρ)α ∂µC,
δscD = ξ˜
µ
I ∂µD + 2∂µλ˜
µν∂νC + (w + 2) ϕ˜RD + w∂µϕ˜R∂
µC
−
{
ǫ¯σ¯µ∂µλ+ 2iwρ˜λ+ wρ˜σ
µ∂µζ¯ + h.c.
}
. (3.21)
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These transformation laws agree with those in Ref. [6] at the linearized level,5 except for
the following two points.
• The second term in δscD is absent in Ref. [6]. However, this term is harmless when
we consider the invariance of the action because D is the highest component and this
term is a total derivative.
• The terms proportional to ∂µϕ˜R in δscλα and δscD also seem to be extra terms that
are absent in Ref. [6], at first glance. Actually, they indicate that theD-gauge field bµ
is set to zero in our linearized SUGRA. Its superconformal transformation (at the
linearized level) is
δscbµ = ∂µϕ˜R − 2ξKµ, (3.22)
where ξKµ is the transformation parameter forK. Thus, keeping the condition bµ = 0
requires ξKµ =
1
2
∂µϕ˜R. In fact, after the replacement: ∂µϕ˜R → 2ξKµ, (3.21) repro-
duces the correct transformations.
3.4 Gauge multiplet
Here we consider a gauge multiplet, which corresponds to a real general multiplet with
w = 0.6 From (3.20), such a real general superfield V is expressed as
V = C + iθζ − iθ¯ζ¯ − θ2H− θ¯2H¯ −
(
θσµθ¯
) (
e−1
) ν
µ
Bˆν
+iθ2θ¯
{
λ¯−
i
2
σ¯µ
(
e−1
) ν
µ
∂νζ − i
¯˜
ψµBˆ
µ
}
− iθ¯2θ
{
λ−
i
2
σµ
(
e−1
) ν
µ
∂ν ζ¯ + iψ˜µBˆ
µ
}
+
1
2
θ2θ¯2
{
D −
1
2
gµν∂µ∂νC +
(
−
i
2
λ¯σ¯µψ˜µ + ∂µζψ˜
µ + h.c.
)
+ 2dµBˆµ
}
, (3.23)
where
Bˆµ ≡
(
δ νµ + e˜
ν
µ
)
Bν − ζψµ − ζ¯ψ¯µ, (3.24)
is interpreted as a gauge field. This definition of the gauge field is consistent with that of
Ref. [4].
The gauge transformation can be defined just in a similar way to the global SUSY case
as
V → V + V(Σ) + V(Σ¯), (3.25)
5 The complex scalar H should be understood as 1
2
(H + iK) in the notation of Ref. [6].
6 We consider an abelian gauge multiplet for simplicity. An extension to the nonabelian case is straight-
forward.
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where Σ = φΣ + θχΣ + θ
2FΣ (in the coordinate y
µ = xµ − iθσµθ¯) is a chiral superfield.
Note that Σ must be embedded into a general multiplet by V in order to be added to V .
We can move to the Wess-Zumino gauge by choosing Σ as
ReφΣ = −
1
2
C, χΣα = −iζα, FΣ = H. (3.26)
In this gauge, V is written as
VWZ = −
(
θσµθ¯
) (
e−1
) ν
µ
Bˆ′ν + iθ
2θ¯
(
λ¯− i
¯˜
ψµBˆ′µ
)
− iθ¯2θ
(
λ+ iψ˜µBˆ′µ
)
+
1
2
θ2θ¯2
{
D +
(
−
i
2
λ¯σ¯µψ˜µ + h.c.
)
+ 2dµBˆ′µ
}
, (3.27)
where Bˆ′µ ≡ Bˆµ − 2∂µImφΣ is the gauge-transformed gauge field. We can move to this
gauge only when w = 0. The set of the components [Bˆ′µ, λα, D] form a gauge multiplet in
Ref. [4, 6].
Next we construct a field strength superfieldWα that is gauge-invariant from the gauge
superfield V . A naive definition of Wα,
Wnaiveα ≡ −
1
4
D¯2DαV, (3.28)
is not invariant under (3.25). If we define
X ≡
(
1 +
1
4
Uµσ¯β˙βµ
[
Dβ, D¯β˙
])
V, (3.29)
its gauge transformation becomes simpler,
X → X + Σ+ Σ¯. (3.30)
Hence, −1
4
D¯2DαX becomes gauge-invariant. However, this is not the only way to construct
a gauge-invariant quantity. We can define the following quantity by adding the second term
that is also gauge-invariant.
Wˆα ≡ −
1
4
D¯2DαX + cD¯
2
(
Uµσβ˙βµ DαDβD¯β˙V
)
, (3.31)
where c is a constant to be determined later. The second term in (3.31) does not contribute
to the lowest component, and we find that
Wˆα = −i
(
λ+
1
2
e˜ νµ σ
µσ¯νλ
)
α
+O(θ). (3.32)
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This indicates that we have to multiply Wˆα by a superfield Z
β
α = δ
β
α −
1
2
e˜ νµ (σ
µσ¯ν)
β
α +O(θ)
in order to obtain the desired field strength superfield whose lowest component is−iλα. The
higher components of Z βα and the constant c in (3.31) are determined so thatWα ≡ Z
β
α Wˆβ
has the correct components. The result is
Wα = −
1
4
Z βα D¯
2
{
Dβ
(
V +
1
4
Uµσ¯γ˙γµ
[
Dγ, D¯γ˙
]
V
)
−
1
2
Uµσ¯γ˙γµ DβDγD¯γ˙V
}
= −
1
4
Z βα D¯
2
{
DβV +
1
4
DβU
µσ¯γ˙γµ
[
Dγ, D¯γ˙
]
V − iUµ∂µDβV
}
,
Z βα ≡ δ
β
α −
1
2
e˜ νµ (σ
µσ¯ν)
β
α −
(
σµ ¯˜ψµ
)
α
θβ , (3.33)
where Z βα is expressed in the chiral coordinate y
µ. Each component of Wα is calculated
as
Wα = −iλα + θαD + i (σ
µνθ)α
(
e−1
) ρ
µ
(
e−1
) τ
ν
Fˆρτ − θ
2
{
σµ
(
e−1
) ν
µ
Dνλ¯
}
α
, (3.34)
where
Fˆµν ≡ ∂µBˆν − ∂νBˆµ + i
(
ψµσνλ¯− ψνσµλ¯
)
+ i
(
ψ¯µσ¯νλ− ψ¯ν σ¯µλ
)
,
(
Dµλ¯
)α˙
≡
{(
∂µ −
1
2
ω νρµ σνρ +
3i
4
Aµ
)
λ¯
}α˙
+
(
σ¯νρψ¯µ
)α˙
Fˆνρ + iψ¯
α˙
µD. (3.35)
Here ω νρµ is the spin connection, and expressed at the linearized level as
ω νρµ = −
1
2
∂µ (e˜
νρ − e˜ρν) +
1
2
{
∂ν
(
e˜ ρµ + e˜
ρ
µ
)
− ∂ρ
(
e˜ νµ + e˜
ν
µ
)}
. (3.36)
The field strength Fˆµν and the covariant derivative Dµλ¯ defined in (3.35) agree with those
in Ref. [6]. We have used the identification (3.10).
4 Action formulae
4.1 F -term action formula
First we consider the F -term invariant action, which consists of only chiral multiplets. It
reduces to the chiral superspace integral in the global SUSY limit,
SglF [W ] ≡
∫
d4x
∫
d2θ W + h.c., (4.1)
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where W is a chiral superfield, which is referred to as the superpotential. From (2.13) with
(3.13), this transforms as
δscS
gl
F [W ] =
∫
d4x
∫
d2θ
{
−
1
4
D¯2 (LαDαW )− Ω
µ∂µW −
1
4
(
D¯2DαLα + 4Ξ
)
W
}
+ h.c.
=
∫
d4x
∫
d2θ
{
−
1
4
D¯2Dα (LαW )− Ω
µ∂µW − ΞW
}
+ h.c.
=
∫
d4x
[∫
d4θ Dα (LαW )−
∫
d2θ (Ξ− ∂µΩ
µ)W
]
+ h.c.. (4.2)
We have assumed that w = n = 3 for W . In the last equation, we performed the partial
integrals. In order to make the action invariant, we introduce a chiral superfield E˜ whose
transformation law is given by
δscE˜ = Ξ− ∂µΩ
µ
=
(
−4ϕ˜R + ∂µξ˜
µ
I
)
+ 8θ
(
ρ˜−
i
4
σµ∂µǫ¯
)
, (4.3)
in the coordinate yµ, and modify the action formula as
SF [W ] ≡
∫
d4x
∫
d2θ
(
1 + E˜
)
W + h.c.. (4.4)
From (3.7) and (4.3), we identify E˜ as
E˜ = e˜ µµ − θσ
µ ¯˜ψµ = e˜
µ
µ − 2iθσ
µψ¯µ. (4.5)
Therefore, the factor (1+E˜) in (4.4) corresponds to the chiral density multiplet in Ref. [11].7
The action SF [W ] is now invariant under δsc at the linearized level. Note that it is
invariant only when the Weyl weight of W is 3. This is consistent with the F -term action
formula in Ref. [4], which is shown in (B.1) in our notations. We can explicitly see that
(4.4) reproduces (B.1).
4.2 D-term action formula
Next we consider the D-term invariant action. It reduces to the full superspace integral in
the global SUSY limit,8
SglD[K] ≡ 2
∫
d4x
∫
d4θ K, (4.6)
7 Note that det
(
e
ν
µ
)
= 1 + e˜ µµ at the linearized level.
8 The factor 2 is necessary to match the normalization of the D-term action formula in Ref. [4].
14
where K is a real general superfield, which is referred to as the Ka¨hler potential. From
(2.14) with (3.13), this transforms as
δscS
gl
D[K] = 2
∫
d4x
∫
d4θ
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ
−
w
24
(
D¯2DαLα + 4Ξ
)
+ h.c.
}
K (4.7)
= 2
∫
d4x
∫
d4θ
{
6− w
24
D¯2DαLα −
1
2
(
iσµαα˙∂µD¯
α˙Lα − ∂µΩ
µ
)
−
w
6
Ξ + h.c.
}
K,
where w is the Weyl weight of K. We have performed the partial integral in the second
equality. Here we define a real scalar superfield E˜1 from the connection superfield U
µ as
E˜1 ≡
1
4
σ¯α˙αµ
[
Dα, D¯α˙
]
Uµ. (4.8)
Then it transforms as
δscE˜1 = −
1
2
D¯2DαLα +
3i
2
σµαα˙∂µD¯
α˙Lα −
1
2
∂µΩ
µ + h.c.. (4.9)
By using E˜1 and E˜ defined in (4.5), we modify the action formula as
SD[K] ≡ 2
∫
d4x
∫
d4θ
{
1 +
1
3
(
E˜1 + E˜ +
¯˜E
)}
K, (4.10)
so that its transformation becomes
δscSD[K] = 2
∫
d4x
∫
d4θ
{
2− w
24
D¯2DαLα +
2− w
6
Ξ + h.c.
}
K. (4.11)
Therefore, SD[K] is now δsc-invariant when w = 2, and can be identified with the D-term
action formula in Ref. [4], which is shown in (B.2) in our notations. Since the prefactor of
K in (4.10) is expanded as (see (A.5))
1 +
1
3
(
E˜1 + E˜ +
¯˜E
)
= 1 + e˜ µµ +O(θ
2), (4.12)
this corresponds to the density multiplet in the full superspace [11]. We can explicitly show
that (4.10) reproduces (B.2), except for the kinetic terms for the SUGRA fields, which will
be discussed in Sec. 4.4.
4.3 Absorption of chiral density superfield
Notice that the “chiral density superfield” E˜ defined in (4.5) is redundant because it cannot
be expressed in terms of Uµ and the SUGRA fields are already contained in the latter. In
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fact, we can eliminate E˜ from the action formulae (4.4) and (4.10) by the following superfield
redefinition.
Φˆ ≡
(
1 +
w
3
E˜
)
Φ,
Vˆ ≡
{
1 +
w
6
(
E˜ + ¯˜E
)}
V, (4.13)
where Φ and V are a chiral and a real general superfields, respectively. The redefined
superfields transform as
δscΦˆ =
{
−
1
4
D¯2LαDα −
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ −
w
12
(
D¯2DαLα + 4∂µΩ
µ
)}
Φˆ, (4.14)
δscVˆ =
{
−
1
4
D¯2LαDα −
1
2
(
iσµαα˙D¯
α˙Lα + Ωµ
)
∂µ −
w
24
(
D¯2DαLα + 4∂µΩ
µ
)
+ h.c.
}
Vˆ .
Now the transformations are expressed only in terms of Lα and Ωµ. In terms of these
redefined superfields, the action formulae are expressed as
SF [W ] =
∫
d4x
∫
d2θ Wˆ + h.c.,
SD [K] = 2
∫
d4x
∫
d4θ
(
1 +
1
3
E˜1
)
Kˆ
= 2
∫
d4x
∫
d4θ
(
1 +
1
12
σ¯α˙αµ
[
Dα, D¯α˙
]
Uµ
)
Kˆ. (4.15)
As for the gauge kinetic term, the E˜-dependence automatically cancels with another
redundant superfield Z βα in (3.33) because
Wα = Z
β
α Wˆβ = Wˆα −
1
2
e˜ νµ
(
σµσ¯νWˆ
)
α
−
(
θWˆ
)(
σµ
¯˜
ψµ
)
α
,
WαWα =
{
1− e˜ µµ + θσ
µ ¯˜ψµ
}
WˆαWˆα =
(
1− E˜
)
WˆαWˆα. (4.16)
Thus we obtain
Sgaugekin [V ] ≡ SF
[
−
1
4
WαWα
]
=
∫
d4x
∫
d2θ
(
1 + E˜
)(
−
1
4
WαWα
)
+ h.c.
=
∫
d4x
∫
d2θ
(
−
1
4
WˆαWˆα
)
+ h.c., (4.17)
where
Wˆα = −
1
4
D¯2
(
DαVˆ +
1
4
DαU
µσ¯β˙βµ
[
Dβ , D¯β˙
]
Vˆ − iUµ∂µDαVˆ
)
. (4.18)
Note that Vˆ = V since the Weyl weight of the gauge superfield is zero.
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4.4 Kinetic terms for SUGRA fields
Here we discuss the kinetic terms for the SUGRA superfield Uµ. In the superconformal
formulation, the corresponding terms are contained in the D-term action formula in Ref. [4]
as follows. (See eq.(B.2).)
SD [Ω] = e
[
D + · · ·+
C
3
{
R(ω) + 4ǫµνρτ
(
ψµστ∂νψ¯ρ + h.c.
)}]
, (4.19)
where e is the determinant of the vierbein, R(ω) is the scalar curvature constructed from
the spin connection, and Ω = [C, · · · , D] is a real general multiplet with the Weyl weight 2.
The Einstein-Hilbert term is obtained by imposing theD-gauge fixing condition, C = −3
2
.9
Since the above kinetic terms are quadratic in the SUGRA fields, it seems that we need to
extend the D-term action formula in (4.15) as
SD[Ω] = 2
∫
d4x
∫
d4θ
{
1 +
1
3
(
E˜1 + E˜2
)}
Ωˆ, (4.20)
where E˜2 is quadratic in U
µ. The quadratic part E˜2 is specified by requiring the invariance
of the action up to linear order in the SUGRA fields. However, information on higher order
corrections to (4.9) and (4.14) in the SUGRA fields is necessary for this procedure, which
is beyond the linearized SUGRA. Fortunately, it is possible to extend (4.15) to include
the kinetic terms for Uµ without information on the higher order corrections, as we will
explain below.
Recall that the SUGRA kinetic terms are proportional to the lowest component of Ωˆ,
which will be set to a constant Ω0 = −
3
2
after the D-gauge fixing. Thus we expand Ωˆ as
Ωˆ = Ω0 +
˜ˆ
Ω, (4.21)
and focus on E˜2Ω0 out of E˜2Ωˆ in (4.20). Namely, we consider
SD[Ω] = 2
∫
d4x
∫
d4θ
{(
1 +
1
3
E˜1
)(
Ω0 +
˜ˆ
Ω
)
+
1
3
E˜2Ω0
}
= 2
∫
d4x
∫
d4θ
{
1
3
E˜2Ω0 +
(
1 +
1
3
E˜1
)
˜ˆ
Ω
}
, (4.22)
as an extension of (4.15). We have used a fact that E˜1 is a total derivative at the second
equality. For example, when Ωˆ is given by
Ωˆ = −
3
2
|ΦˆC |
2e−Kˆ/3, (4.23)
9 We have taken the unit of the Planck mass, MPl = 1.
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where Kˆ is quadratic in matter fields and ΦˆC = 1+ · · · is a chiral compensator superfield,
the action (4.22) is written as
SD[Ω] =
∫
d4x
∫
d4θ
{
−E˜2 +
(
1 +
1
3
E˜1
)(
Kˆ + · · ·
)}
, (4.24)
where the ellipsis denotes higher order terms.
We require the action (4.22) to be invariant up to linear order in the SUGRA fields for
Ω0-dependent terms while up to zeroth order in the SUGRA fields for
˜ˆ
Ω-dependent terms.
Up to this order, ∫
d4x
∫
d4θ
{
1
3
(
δscE˜1
)
˜ˆ
Ω + δsc
˜ˆ
Ω
}
= 0, (4.25)
as shown in Sec. 4.2. Hence the variation of (4.22) becomes
δscSD[Ω] = 2
∫
d4x
∫
d4θ
{
1
3
(
δscE˜2
)
Ω0 +
1
3
E˜1δsc
˜ˆ
Ω
}
. (4.26)
In order to discuss the invariance of the action up to the order under consideration, we
only need a field-independent part of δsc
˜ˆ
Ω. From (4.14), it is read off as
δsc
˜ˆ
Ω = δscΩˆ = −
Ω0
12
(
D¯2DαLα + 4∂µΩ
µ + h.c.
)
+ · · · , (4.27)
where the ellipsis denotes field-dependent terms. We have used that the Weyl weight of
Ω is 2. Since the above field-independent part of δsc
˜ˆ
Ω is not affected by including higher
order corrections in the SUGRA fields, the variation (4.26) becomes
δscSD[Ω] = 2
∫
d4x
∫
d4θ
Ω0
3
{
δscE˜2 −
1
12
E˜1
(
D¯2DαLα + 4∂µΩ
µ + h.c.
)}
. (4.28)
After some calculations, we can show that
δsc
{
−
1
8
UµD
αD¯2DαU
µ +
1
3
E˜21 − (∂µU
µ)2
}
=
1
6
E˜1
(
D¯2DαLα + 4∂µΩ
µ + h.c.
)
, (4.29)
where total derivatives are dropped. Therefore, E˜2 is identified as
E˜2 = −
1
16
UµD
αD¯2DαU
µ +
1
6
E˜21 −
1
2
(∂µU
µ)2 . (4.30)
This has a similar form to the counterpart of Ref. [9]. The first term of the second line in
(4.22) with (4.30) is the kinetic terms for Uµ.
Finally we comment on the relation of the superfield action (4.22) to the component
expression (4.19). In order to reproduce the quadratic part of the SUSY Einstein-Hilbert
terms LSGquad in (B.3), we also need to count the SUGRA fields contained in the redefined
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superfields, in addition to the kinetic terms for Uµ. By including higher order corrections
in the SUGRA fields, the redefinition of a real general superfield in (4.13) is extended as
Ωˆ ≡ (1 + Y1 + Y2) Ω = (1 + Y1 + Y2)
(
Ω0 + Ω˜
)
, (4.31)
where Y1 ≡
1
3
(
E˜ + ¯˜E
)
and Y2 is quadratic in the SUGRA fields. Thus, from (4.22) and
(4.31), the Ω0-dependent part of the action is expressed as
SD[Ω] = 2
∫
d4x
∫
d4θ
(
1
3
E˜2 +
1
3
E˜1Y1 + Y2
)
Ω0 + · · · , (4.32)
where the ellipsis denotes terms beyond quadratic order in the SUGRA fields or depending
on the matter fields. This corresponds to LSGquad in (B.3).
5 Summary
We have modified the 4D N = 1 linearized SUGRA, and provided a complete identification
of component fields in each superfield with fields in the superconformal formulation of
SUGRA developed in Ref. [4]. The results of our work makes it possible to use both
formulations in a complementary manner.
In our modified linearized SUGRA, (anti-) chiral superfields and real general superfields
should be understood as the redefined ones defined in (4.13) whose components are identi-
fied with the fields in Ref. [4] through (3.12), (3.19), (3.20) and (4.5). The components of
the connection superfield Uµ are identified with the SUGRA fields in the Weyl-multiplet
as (3.10). The invariant action formulae are expressed in terms of the redefined superfields
as
SF [W ] =
∫
d4x
∫
d2θ Wˆ + h.c.,
SD[Ω] = 2
∫
d4x
∫
d4θ
{
Ω0
3
E˜2 +
(
1 +
1
3
E˜1
)
Ωˆ
}
,
Sgaugekin [V ] =
∫
d4x
∫
d2θ
(
−
1
4
WˆαWˆα
)
+ h.c., (5.1)
where E˜1 and E˜2 are defined in (4.8) and (4.30), and the field strength superfield Wˆα
is defined in (4.18). Ω0 is a constant part of Ωˆ, which is set to −3/2 for the canonically
normalized SUGRA kinetic terms. In the D-term action formula, a chiral multiplet Φˆ must
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be embedded into a general multiplet. Such embedding is provided at the linearized order
in the SUGRA fields by
V(Φˆ) ≡ (1 + iUµ∂µ) Φˆ. (5.2)
The gauge transformation of the gauge multiplet Vˆ is given by
Vˆ → Vˆ + V(Σˆ) + V(
¯ˆ
Σ), (5.3)
where Σˆ is a chiral superfield. The field strength superfield Wˆα is invariant under this
transformation.
Our work will also be useful to discuss higher-dimensional SUGRA. When we consider
it in the context of the brane-world scenario, it is convenient to express the action in terms
of N = 1 superfields, keeping only N = 1 SUSY that remains unbroken at low energies
manifest. The authors of Ref. [9] construct minimal version of 5D linearized SUGRA
along this direction. Although their formulation is powerful to calculate SUGRA loop
contributions and is self-consistent, it is not clear how the component fields are related to
fields in other off-shell formulations of 5D SUGRA. Especially, it is obscure how to extend
their result to more general 5D SUGRA. The superconformal formulation of 5D SUGRA
has been developed in Refs. [5, 6], and its N = 1 superfield description was provided in
Ref. [12, 13]. Hence, by combining these results with our current work, it is possible to
obtain the linearized SUGRA formulation of general 5D SUGRA. Furthermore, our work
is a good starting point to construct an N = 1 description of 6D or higher-dimensional
SUGRA because the linearized SUGRA formulation is based on the ordinary superspace
and thus is easier to handle than the full supergravity. These issues are left for our future
works.
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A Component expressions
Here we collect component expressions of some superfields appearing in the text.
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The coefficient superfields of the differential operators in (2.13) and (2.14) are written
as
−
1
4
D¯2Lα = ǫα +
1
2
θαϕ˜−
1
2
(θσµν)α λ˜µν − 2θ
2ρ˜α − i
(
θσµθ¯
)
∂µǫ
α
−
i
4
θ2
{(
θ¯σ¯µ
)α
∂µϕ˜−
(
θ¯σ¯ρσµν
)α
∂ρλ˜µν
}
−
1
4
θ2θ¯24ǫ
α,
iσµαα˙D¯
α˙Lα + Ωµ = −ξ˜µI + 2iθσ
µǫ¯+ 2iθ¯σ¯µǫ− i
(
θσν θ¯
)(
ηµνϕ˜+ λ˜µν − ∂ν ξ˜µI +
i
2
ǫµνρτ λ˜ρτ
)
−4iθ2
{
θ¯σ¯µρ˜+
i
4
(
θ¯σ¯νσµ∂ν ǫ¯
)}
− θ¯2 (θσν σ¯µ∂νǫ)
−
1
2
θ2θ¯2∂ν
(
ηµνϕ˜+ λ˜µν −
1
2
∂ν ξ˜µI +
i
2
ǫµνρτ λ˜ρτ
)
, (A.1)
where ϕ˜ ≡ ϕ˜R+ iϕI, λ˜µν , ξ˜I and ρ˜
α are defined in (3.8). An explicit expression of Λ defined
in (3.13) is
Λ = −
1
24
(
D¯2DαLα + 4Ξ
)
=
1
2
(
ϕ˜R −
i
3
ϕI
)
− 2θρ˜−
i
2
(
θσµθ¯
)
∂µ
(
ϕ˜R −
i
3
ϕI
)
+iθ2
(
θ¯σ¯µ∂µρ˜
)
−
1
8
θ2θ¯24
(
ϕ˜R −
i
3
ϕI
)
. (A.2)
We have taken the gauge (3.4).
For a real general multiplet [C, ζα,H, Bµ, λα, D], each component is embedded into a
real superfield that transforms by a law (2.14) as
V = C + iθζ − iθ¯ζ¯ − θ2H− θ¯2H¯ −
(
θσµθ¯
) (
Bµ − ζψµ − ζ¯ψ¯µ −
w
2
CAµ
)
+iθ2θ¯
{
λ¯−
i
2
σ¯µ
(
e−1
) ν
µ
∂νζ −
(
σ¯µσνψ¯µ
)
Bν +
w
4
(σ¯µζ)Aµ
}
−iθ¯2θ
{
λ−
i
2
σµ
(
e−1
) ν
µ
∂ν ζ¯ − (σ
µσ¯νψµ)Bν −
w
4
(
σµζ¯
)
Aµ
}
+
1
2
θ2θ¯2
{
D −
1
2
gµν∂µ∂νC −
(
w − 3
2
Aµ +
1
2
ǫµνρτ∂ν e˜ρτ
)
Bµ
+
(
−λ¯σ¯µψµ − 2i∂µζσ
µνψν + i∂µζψ
µ +
2iw
3
ζσµν∂νψµ + h.c.
)}
. (A.3)
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The real superfield E˜1 defined in (4.8) is expressed as
E˜1 =
1
4
σ¯α˙αµ
[
Dα, D¯α˙
]
Uµ
= e˜ µµ + θσ
µ ¯˜ψµ − θ¯σ¯
µψ˜µ +
(
θσµθ¯
)
(2dµ − ǫµνρτ∂
ν e˜ρτ )
+
i
2
θ¯2
(
θσµσ¯ν∂νψ˜µ
)
−
i
2
θ2
(
θ¯σ¯µσν∂ν
¯˜
ψµ
)
+
1
4
θ2θ¯2
(
4e˜
µ
µ − 2∂µ∂ν e˜
µν
)
= e˜ µµ + 2i
(
θσµψ¯µ + θ¯σ¯
µψµ
)
+
3
2
(
θσµθ¯
)
(Aµ − ǫµνρτ∂
ν e˜ρτ )
−2θ¯2 (θ∂µψ
µ)− 2θ2
(
θ¯∂µψ¯
µ
)
+
1
4
θ2θ¯2
(
4e˜
µ
µ − 2∂µ∂ν e˜
µν
)
. (A.4)
Thus the density superfield is calculated as
1 +
1
3
(
E˜1 + E˜ +
¯˜E
)
=
(
1 + e˜ µµ
)
+
1
2
(
θσµθ¯
)
(Aµ − ǫµνρτ∂
ν e˜ρτ )
−
1
3
θ¯2 {θ (2ηµν + σµσ¯ν) ∂µψν} −
1
3
θ2
{
θ¯ (2ηµν + σ¯µσν) ∂µψ¯ν
}
−
1
12
θ2θ¯2
(
4e˜
µ
µ + 2∂µ∂ν e˜
µν
)
. (A.5)
B Invariant action formulae
Here we collect the invariant action formulae in Ref. [4] in our notations. For a chiral
multiplet Φ = [φ, χα, F ] with weight (w, n) = (3, 3), the F -term action formula is given by
SF [Φ] = =
∫
d4x e
(
F − iψ¯µσ¯
µχ+ h.c. + · · ·
)
=
∫
d4x
{(
1 + e˜ µµ
)
F − iψ¯µσ¯
µχ+ h.c. + · · ·
}
, (B.1)
where e ≡ det
(
e νµ
)
, and the ellipsis denotes terms beyond the linear order in the SUGRA
fields.
For a real general multiplet Ω = [C, ζα,H, Bµ, λα, D] with weights (w, n) = (2, 0), the
D-term action formula is given by
SD[Ω] =
∫
d4x e
[
D − ψ¯µσ¯
µλ+ ψµσ
µλ¯+
4i
3
(
ζσµν∂µψν − ζ¯ σ¯
µν∂µψ¯ν
)
+
C
3
{
R(ω) + 4ǫµνρτ
(
ψµστ∂νψ¯ρ − ψ¯µσ¯τ∂νψρ
)}
+ · · ·
]
=
∫
d4x
[(
1 + e˜ µµ
)
D +
(
ψµσ
µλ¯+
4i
3
ζσµν∂µψν + h.c.
)
+
2C˜
3
(
∂µ∂ν e˜
ν
µ −4e˜
µ
µ
)
+ LSGquad + · · ·
]
, (B.2)
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where R(ω) is the scalar curvature constructed from the spin connection, C˜ ≡ C − Ω0
where Ω0 is a constant to which C will be set by the D-gauge fixing. Thus C˜ will vanish
after the D-gauge fixing. The quadratic part in the SUGRA fields LSGquad is given by
LSGquad =
Ω0
3
{
e˜ µµ (2∂
ν∂ρe˜
ρ
ν −4e˜
ν
ν )− e˜
µν
(
∂ν∂
ρe˜(µρ) + ∂µ∂
ρe˜(νρ) −4e˜(µν)
)
+4ǫµνρτ
(
ψµστ∂νψ¯ρ + h.c.
)}
, (B.3)
where e˜(µν) ≡
1
2
(e˜µν + e˜νµ), and the ellipsis denotes terms beyond the linear order in the
SUGRA fields.
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